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NOMENCLATURE

a Distance, exponent, constant
A Area, addition factor, IiNt

b Distance, width, exponent
B "Li2N1

bhn Brinell hardness, roller or pinion
BHN Brinell hardness, cam or gear
c Exponent
C Coefficient of variation
Cp Materials constant in rolling contact
d Difference in stress level, diameter
de Equivalent diameter
D Damage per cycle or block of cycles
D1 Ideal critical diameter
E Young's modulus
/ Fraction of mean ultimate tensile strength
fi Fraction of life measure



F Force
3* Significant force in contact fatigue
h Depth
H8 Brinell hardness
7 Second area moment
kfl, ka Marin surface condition modification factor
kb Marin size modification factor
kc, kc Marin load modification factor
kd, kd Marin temperature modification factor
ke, ke Marin miscellaneous-effects modification factor
K Load-life constant
K/ Fatigue stress concentration factor
K, Geometric (theoretical) stress concentration factor
€ Length
log Base 10 logarithm
In Natural logarithm
L Life measure
LN Lognormal
m Strain-strengthening exponent, revolutions ratio
M Bending moment
n, n Design factor
N Cycles
Nf Cycles to failure
TV(JO,, tf) Normal distribution with mean JLI and standard deviation o*
p Pressure
P Axial load
q Notch sensitivity
r Notch radius, slope of load line
r,- Average peak-to-valley distance
R Reliability
Ra Average deviation from the mean
Rrms Root-mean-squared deviation from the mean
RA Fraction reduction in area
RQ As-quenched hardness, Rockwell C scale
RT Tempered hardness, Rockwell C scale
5 Strength
St1x Axial endurance limit
S'e Rotating-beam endurance limit
Sf Fatigue strength
Sse Torsional endurance limit



SU9 Sut Ultimate tensile strength
Sy Yield strength
tf Temperature, 0F
T Torque
w Width
jc Variable, coordinate
y Variable, coordinate
z Variable, coordinate, variable of TV(O, z)
a Prot loading rate, psi/cycle
p Rectangular beam width
A Approach of center of roller
e True strain
£/ True strain at fracture
TJ Factor of safety
6 Angle, misalignment angle
A, Lognormally distributed
|i Mean
v Poisson's ratio
^ Normally distributed
a Normal stress
afl Normal stress amplitude component
G/ Fatigue strength coefficient
Gm Steady normal stress component
Gmax Largest normal stress
cmin Smallest normal stress
G0 Nominal normal stress
G0 Strain-strengthening coefficient
a Standard deviation
T Shear stress
(|> Pressure angle
<(> Fatigue ratio: <(>&, beading; ̂ t0x, axial; <J>,, torsion; <|>o.3o, bending with 0.30-

in-diameter rotating specimen
O(z) Cumulative distribution function of the standardized normal

13.1 TESTING METHODS AND PRESENTATION
OFRESULTS

The designer has need of knowledge concerning endurance limit (if one exists) and
endurance strengths for materials specified or contemplated. These can be estimated
from the following:



• Tabulated material properties (experience of others)
• Personal or corporate R. R. Moore endurance testing
• Uniaxial tension testing and various correlations
• For plain carbon steels, if heat treating is involved, Jominy test and estimation of

tempering effects by the method of Crafts and Lamont
• For low-alloy steels, if heat treating is involved, prediction of the Jominy curve by

the method of Grossmann and Fields and estimation of tempering effects by the
method of Crafts and Lamont

• If less than infinite life is required, estimation from correlations
• If cold work or plastic strain is an integral part of the manufacturing process, using

the method of Datsko

The representation of data gathered in support of fatigue-strength estimation is best
made probabilistically, since inferences are being made from the testing of necessar-
ily small samples. There is a long history of presentation of these quantities as deter-
ministic, which necessitated generous design factors. The plotting of cycles to failure
as abscissa and corresponding stress level as ordinate is the common SN curve.
When the presentation is made on logarithmic scales, some piecewise rectification
may be present, which forms the basis of useful curve fits. Some ferrous materials
exhibit a pronounced knee in the curve and then very little dependency of strength
with life. Deterministic researchers declared the existence of a zero-slope portion of
the curve and coined the name endurance limit for this apparent asymptote. Proba-
bilistic methods are not that dogmatic and allow only such statements as, "A null
hypothesis of zero slope cannot be rejected at the 0.95 confidence level."

Based on many tests over the years, the general form of a steel SN curve is taken
to be approximately linear on log-log coordinates in the range 103 to 106 cycles and
nearly invariant beyond 107 cycles. With these useful approximations and knowledge
that cycles-to-failure distributions at constant stress level are lognormal (cannot be
rejected) and that stress-to-failure distributions at constant life are likewise lognor-
mal, specialized methods can be used to find some needed attribute of the SN pic-
ture. The cost and time penalties associated with developing the complete picture
motivate the experimentor to seek only what is needed.

13.1.1 Sparse Survey

On the order of a dozen specimens are run to failure in an R. R. Moore apparatus at
stress levels giving lives of about 103 to 107 cycles. The points are plotted on log-log
paper, and in the interval 103 < N < 107 cycles, a "best" straight line is drawn. Those
specimens which have not failed by 108 or 5 x 108 cycles are used as evidence of the
existence of an endurance limit. All that this method produces is estimates of two
median lines, one of the form

Sf = CNb 103<7V<106 (13.1)

and the other of the form

Sf = S'e 7V>106 (13.2)

This procedure "roughs in" the SN curve as a gross estimate. No standard deviation
information is generated, and so no reliability contours may be created.



13.1.2 Constant-Stress-Level Testing

If high-cycle fatigue strength in the range of 103 to 106 cycles is required and reliabil-
ity (probability of survival) contours are required, then constant-stress-level testing is
useful. A dozen or more specimens are tested at each of several stress levels. These
results are plotted on lognormal probability paper to "confirm" by inspection the log-
normal distribution, or a statistical goodness-of-fit test (Smirnov-Kolomogorov, chi-
squared) is conducted to see if lognormal distribution can be rejected. If not, then
reliability contours are established using lognormal statistics. Nothing is learned
about endurance limit. Sixty to 100 specimens usually have been expended.

13.1.3 Probit Method

If statistical information (mean, standard deviation, distribution) concerning the
endurance limit is needed, the probit method is useful. Given a priori knowledge
that a "knee" exists, stress levels are selected that at the highest level produce one or
two runouts and at the lowest level produce one or two failures. This places the test-
ing at the "knee" of the curve and within a couple of standard deviations on either
side of the endurance limit. The method requires exploratory testing to estimate the
stress levels that will accomplish this. The results of the testing are interpreted as a
lognormal distribution of stress either by plotting on probability paper or by using a
goodness-of-fit statistical reduction to "confirm" the distribution. If it is confirmed,
the mean endurance limit, its variance, and reliability contours can be expressed. The
existence of an endurance limit has been assumed, not proven. With specimens
declared runouts if they survive to 107 cycles, one can be fooled by the "knee" of a
nonferrous material which exhibits no endurance limit.

13.1.4 Coaxing

It is intuitively appealing to think that more information is given by a failed speci-
men than by a censored specimen. In the preceding methods, many of the specimens
were unfailed (commonly called runouts). Postulating the existence of an endurance
limit and no damage occurring for cycles endured at stress levels less than the
endurance limit, a method exists that raises the stress level of unf ailed (by, say, 107

cycles) specimens to the next higher stress level and tests to failure starting the cycle
count again. Since every specimen fails, the specimen set is smaller. The results are
interpreted as a normal stress distribution. The method's assumption that a runout
specimen is neither damaged nor strengthened complicates the results, since there is
evidence that the endurance limit can be enhanced by such coaxing [13.1].

13.1.5 Prot Method1

This method involves steadily increasing the stress level with every cycle. Its advan-
tage is reduction in number of specimens; its disadvantage is the introduction of (1)
coaxing, (2) an empirical equation, that is,

Sa = Se' + Ka" (13.3)

f See Ref. [13.2].



where Sa = Prot failure stress at loading rate, a psi/cycle
Sg = material endurance limit

K,n= material constants
a = loading rate, psi/cycle

and (3) an extrapolation procedure. More detail is available in Collins [13.3].

13.1.6 Up-Down Method1

The up-down method of testing is a common scheme for reducing R. R. Moore data
to an estimate of the endurance limit. It is adaptable to seeking endurance strength
at any arbitrary number of cycles. Figure 13.1 shows the data from 54 specimens

FIGURE 13.1 An up-down fatigue test conducted on 54 specimens.
(From Ransom [13.5], with permission.)

gathered for determining the endurance strength at 107 cycles. The step size was 0.5
kpsi.The first specimen at a stress level of 46.5 kpsi failed before reaching 107 cycles,
and so the next lower stress level of 46.0 kpsi was used on the subsequent specimen.
It also failed before 107 cycles. The third specimen, at 45.5 kpsi, survived 107 cycles,
and so the stress level was increased. The data-reduction procedure eliminates spec-
imens until the first runout-fail pair is encountered. We eliminate the first specimen
and add as an observation the next (no. 55) specimen, a = 46.5 kpsi.The second step
is to identify the least-frequent event—failures or runouts. Since there are 27 failures
and 27 runouts, we arbitrarily choose failures and tabulate N1, iNt, and PN1 as shown
in Table 13.1. We define A = ZiN1 and B = Zi2N1. The estimate of the mean of the 107-
cycle strength is

*=s°+d(w^} <13-4>
where S0 = the lowest stress level on which the less frequent event occurs, d = the
stress-level increment or step, and N1 = the number of less frequent events at stress
level a/. Use +1A if the less frequent event is runout and -1A if it is failure. The estimate
of the mean 107-cycle strength is

f See Refs. [13.4] and [13.5].



TABLE 13.1 Extension of Up-Down
Fatigue Data

Class failures
Stress level, Coded I \

kpsi level Nt IN1 /2AT,

48.5 7 1 7 49
48.0 6 4 24 144
47.5 5 1 5 25
47.0 4 3 12 48
46.5 3 5 15 45
46.0 2 8 16 32
45.5 1 3 3 3
45.0 O _2 J) J)

Z 27 82 346

A - 45.0 + 0.5 (U - y) = 46.27 kpsi

The standard deviation is

[ FiYN — A2 1
OWV +0-029 (13.5)
(±l\i) J

as long as (BZN1 - A2^(ZN1)
2 > 0.3. Substituting test data into Eq. (13.5) gives

or = 1.620(0.5) [342C2^"822
 + 0.029J = 2.93 kpsi

The result of the up-down test can be expressed as (Sf )io7(jl, tf ) or (S/)107(46.27,2.93).
Consult Refs. [13.3] and [13.4] for modification of the usual f-statistic method of
placing a confidence interval on ji and Ref. [13.4] for placing a confidence interval on
tf. A point estimate of the coefficient of variation is oYji = 2.93/46.27, or 0.063. Coef-
ficients of variation larger than 0.1 have been observed in steels. One must examine
the sources of tables that display a single value for an endurance strength to discover
whether the mean or the smallest value in a sample is being reported. This can also
reveal the coefficient of variation. This is still not enough information upon which a
designer can act.

13.2 SNDIAGRAMFORSINUSOIDAL
AND RANDOM LOADING

The usual presentation of R. R. Moore testing results is on a plot of Sf (or S//SM) ver-
sus N, commonly on log-log coordinates because segments of the locus appear to be
rectified. Figure 13.2 is a common example. Because of the dispersion in results,
sometimes a ±3tf band is placed about the median locus or (preferably) the data
points are shown as in Fig. 13.3. In any presentation of this sort, the only things that
might be true are the observations. All lines or loci are curve fits of convenience,
there being no theory to suggest a rational form. What will endure is the data and not



CYCLES TO FAILURE

FIGURE 13.2 Fatigue data on 2024-T3 aluminum alloy for narrow-band random loading, A,
and for constant-amplitude loading, O. (Adapted with permission from Haugen [13.14], p. 339.)

CYCLES
FIGURE 13.3 Statistical SN diagram for constant-amplitude and narrow-band random loading
for a low-alloy steel. Note the absence of a "knee" in the random loading.



the loci. Unfortunately, too much reported work is presented without data; hence
early effort is largely lost as we learn more.

The R. R. Moore test is a sinusoidal completely reversed flexural loading, which is
typical of much rotating machinery, but not of other forms of fatigue. Narrow-band
random loading (zero mean) exhibits a lower strength than constant-amplitude sine-
wave loading. Figure 13.3 is an example of a distributional presentation, and Fig. 13.2
shows the difference between sinusoidal and random-loading strength.

13.3 FATIGUE-STRENGTH MODIFICATION
FACTORS

The results of endurance testing are often made available to the designer in a con-
cise form by metals suppliers and company materials sections. Plotting coordinates
are chosen so that it is just as easy to enter the plot with maximum-stress, minimum-
stress information as steady and alternating stresses. The failure contours are
indexed from about 103 cycles up to about 109 cycles. Figures 13.4,13.5, and 13.6 are

HGURE 13.4 Fatigue-strength diagram for 2024-T3,2024-T4, and 2014-T6 aluminum alloys,
axial loading. Average of test data for polished specimens (unclad) from rolled and drawn
sheet and bar. Static properties for 2024: Su = 72 kpsi, Sy = 52 kpsi; for 2014: S11 = 72 kpsi, Sy = 63
kpsi. (Grumman Aerospace Corp.)

examples. The usual testing basis is bending fatigue, zero mean, constant amplitude.
Figure 13.6 represents axial fatigue. The problem for the designer is how to adjust
this information to account for all the discrepancies between the R. R. Moore spec-
imen and the contemplated machine part. The Marin approach [13.6] is to introduce
multiplicative modification factors to adjust the endurance limit, in the determinis-
tic form

Se = kakbkckdkeSt (13.6)
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FIGURE 13.5 Fatigue-strength diagram for alloy steel, Su = 125 to 180 kpsi, axial loading. Aver-
age of test data for polished specimens of AISI 4340 steel (also applicable to other alloy steels,
such as AISI 2330,4130,8630). (Grumman Aerospace Corp.)

FIGURE 13.6 Fatigue-strength diagram for 7075-T6 aluminum alloy, axial loading. Average
of test data for polished specimens (unclad) from rolled and drawn sheet and bar. Static prop-
erties: Su = 82 kpsi, S^ = 75 kpsi. (Grumman Aerospace Corp.)
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where ka = surface condition modification factor
kb = size modification factor
kc = loading modification factor
kd = temperature modification factor
ke = miscellaneous-effects modification factor
S'e = endurance limit of rotating-beam specimen
Se = endurance limit at critical location of part in the geometry and condi-

tion of use

The stochastic Marin equation is expressed as

Se = kAkck,keS; (13.7)

where ka ~ LN(^ika, (5ka), kb is deterministic, kc ~ LN([ikc, a^), kd ~ LN(\jikd, a^), ke dis-
tribution depends on the effect considered, S/ ~ LTV(Ji^, ^Se) and &e ~ LN([iSe, (3Se) by
the central limit theorem of statistics. Where endurance tests are not available, esti-
mates of R. R. Moore endurance limits are made by correlation of the mean ultimate
tensile strength to the endurance limit through the fatigue ratio <(>:

$; = <№* (13.8)
The fatigue ratios of Gough are shown in Fig. 13.7. He reports the coefficients of
variation as for all metals, 0.23; for nonferrous metals, 0.20; for iron and carbon
steels, 0.14, for low-alloy steels, 0.13, and for special-alloy steels, 0.13. Since the mate-
rials involved were of metallurgical interest, there are members in his ensembles
other than engineering materials. Nevertheless, it is clear that knowledge of the
mean of <(> is not particularly useful without the coefficient of variation. Coefficients
of variation of engineering steel endurance limits may range from 0.03 to 0.10 indi-
vidually, and the coefficient of variation of the fatigue ratio of the ensemble about
0.15. For more detail, see Sec. 13.3.7.

ROTARY BENDING FATIGUE RATIO, <|>b

FIGURE 13.7 The lognormal probability density function of the fatigue ratio
(j>ft of Gough.

CLASS NO.
1. ALL METALS 380
2. NONFERROUS 152
3. IRON & CARBON STEELS 111
4. LOW ALLOY STEELS 78
5. SPECIAL ALLOY STEELS 39
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13.3.1 Marin Surface Factor ka

The Marin surface condition modification factor for steels may be expressed in the
form

ka = OSU(I9 C) (13.9)

The mean and standard deviation are

Hfa, = *S£ CT^ = Qi*. (13.10)

Table 13.2 gives values of a, b, and C for various surface conditions. See also Fig. 13.8.

TABLE 13.2 Parameters of Marin Surface Condition Factor

1^ = OSi(I9 C)

a

Surface finish kpsi MPa b Coefficient of variation C

Groundt 1.34 1.58 -0.086 0.120
Machined, Cold-rolled 2.67 4.45 -0.265 0.058
Hot-rolled 14.5 58.1 -0.719 0.110
As-forged 39.8 271 -0.995 0.146

f Because of scatter in ground surface data, an alternative function is the stochastic con-
stant 0.878(1,0.120).

Source: Data from C. G. Noll and C. Lipson, "Allowable Working Stresses," Society of
Experimental Stress Analysis, vol. 3, no. 2,1946, p. 49, reduced from their graphed data points.

Example 1. A steel has a mean ultimate tensile strength of 520 MPa and a
machined surface. Estimate ka.

Solution: From Table 13.2,

ka = 4.45(520)-°-265(l, 0.058)

u*fl - 4.45(520)-°-265(l) = 0.848

a*. - 4.45(520)-°-265(0.058) = 0.049

The distribution is kfl ~ ZJV(0.848,0.049). The deterministic value of ka is simply the
mean, 0.848.

13.3.2 Marin Size Factor kb

In bending and torsion, where a stress gradient exists, Kuguel observed that the vol-
ume of material stressed to 0.95 or more of the maximum stress controls the risk of
encountering a crack nucleation, or growth of an existing flaw becoming critical.
The equivalent diameter de of the R. R. Moore specimen with the same failure
risk is

*=vy^ <mi>



MEAN ULTIMATE TENSILE STRENGTH, Sut.kpsi

FIGURE 13.8 Marin endurance limit fatigue modification factor ka for
various surface conditions of steels. See also Table 13.2.

where A0-95 is the cross-sectional area exposed to 95 percent or more of the maxi-
mum stress. For a round in rotating bending or torsion, A0-95 = 0.075 515d2. For a
round in nonrotating bending, A0-95 = 0.010 462d2. For a rectangular section b x h in
bending, A0.95 = Q.OSbh. See [13.6], p. 284 for channels and I-beams in bending. Table
13.3 gives useful relations. In bending and torsion,

f (de/0.30)-°-107 = 0.879d;°-107 de in inches (13.12)
kb = \

[(4/7.62)-°107 = 1.24de-°
107 de in mm (13.13)

For axial loading, kb = 1. Table 13.4 gives various expressions for kb. The Marin size
factor is scalar (deterministic). At less than standard specimen diameter (0.30 in),
many engineers set kb = l.

13.3.3 Marin Loading Factor kc

The Marin loading factor kc can be expressed as

fcc = oS£(l,C) (13.14)

TABLE 13.3 Equivalent Diameters for Size Factor

Section Equivalent diameter de

Round, rotary bending, torsion d
Round, nonrotating bending 0.31 d
Rectangle, nonrotating bending Q.SOSbh
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TABLE 13.4 Quantitative Expression for Size Factor

Expression Range Proposer

^ Q-W 0.125 < d < 1.875 in Moore
* 1 - 0.016/rf

kb = 0.931 (1 + °'014 ) d > 2 in Heywood

f0.869cf-0097 0.3 < d < 10 in Shigley and
kb - 1 d < 0.3 in or </ < 8 mm Mitchell

ll.l89</-°97 8«/<250mm

fl d < 0.4 in or 10mm
, |0.9 (0.4 in or 10 mm) < ^/< (2 in or 50 mm)
* |0.8 (2 in or 50 mm) < d < (4 in or 100 mm) Juvmail

[0.7 (4 in or 100 mm) < d < (5 in or 150 mm)

kb = ! _ ^~°'3 2 < d < 9 in Roark

Table 13.5 gives values for a, p, and C The distribution of kc is lognormal. For axial
loading of steel based on Table 13.5, Table 13.6 was prepared. Juvinall [13.12] reports
that for steel, 0.75 < kc < 1.0, and suggests using kc = 0.90 for accurate control of load-
ing eccentricity and 0.60 < kc < 0.85 otherwise. The problem of load eccentricity
plagues testing as well as the designer. Axial loading in fatigue requires caution. As
shown in Fig. 13.9 kc is involved in finite life fatigue also.

For torsion, Table 13.7 summarizes experimental experience. In metals described
by distortion-energy failure theory, the average value of kc would be 0.577. The dis-
tribution of kc is lognormal.

13.3.4 Marin Temperature Factor kd

Steels exhibit an increase in endurance limit when temperatures depart from ambi-
ent. For temperatures up to about 60O0F, such an increase is often seen, but above
60O0F, rapid deterioration occurs. See Fig. 13.8. If specific material endurance

TABLE 13.5 Parameters of Marin Loading Factor

1̂  = O(SiL(I1C)
a

Mode of loading kpsi MPa (3 Coefficient of variation C

Bending 1 1 0 O
Axial 1.23 1.43 -0.078 0.126
Torsion 0.328 0.258 0.125 0.125



limit-temperature testing is not available, then an ensemble of 21 carbon and alloy
steels gives, for tfm

 0F,

kd = [0.975 + (0.432 x IQ-3)^- (0.115 x IO'5)^

+ (0.104 x 10-8X) - (0.595 x 10-12)f}](l,0.11)

70<r /<600°F (13.15)

which equation may be useful. The distribution of kd is lognormal. See Fig. 13.10 for
some specific materials.

13.3.5 Stress Concentration and Notch Sensitivity

The modified Neuber equation (after Heywood) is

K, £0±£fi» (13.16)

1^5Sr*1

LOG NUMBER OF STRESS CYCLES. N

FIGURE 13.9 An S-N diagram plotted from the results of completely
reversed axial fatigue tests on a normalized 4130 steel, SM =116 kpsi (data from
NACA Tech. Note 3866, Dec. 1966).

TABLE 13.6 Marin Loading Factor
for Axial Loading

/JMf, KpSl Kc

50 0.907
100 0.859
150 0.822
200 0.814

f Average entry is 0.853.

TABLE 13.7 Torsional Loading, kc

Material Range kc (kc)avB

Wrought steels 0.52-0.69 0.60
Wrought Al 0.43-0.74 0.55
Wrought Cu and alloys 0.41-0.67 0.56
Wrought Mg and alloys 0.49-0.61 0.54
Titaniums 0.37-0.57 0.48
Cast irons 0.79-1.01 0.90
Cast Al, Mg, and alloys 0.71-0.91 0.85
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NUMBER OF CYCLES TO FAILURE, MILLIONS
FIGURE 13.10 Effect of temperature on the fatigue limits of three steels: (a) 1035; (b) 1060; (c)
4340; (d) 4340, completely reversed loading K = 3 to 3.5; (e) 4340, completely reversed loading,
unnotched; (/) 4340, repeatedly applied tension. (American Society for Metals.)

and is lognormally distributed. Table 13.8 gives values of V0 and CK. The stress-
concentration factor K/ may be applied to the nominal stress CTO as K/a0 as an aug-
mentation of stress (preferred) or as a strength reduction factor ke = 1/K/
(sometimes convenient). Both K/and ke are lognormal with the same coefficient of
variation. For stochastic methods, Eq. (13.16) is preferred, as it has a much larger sta-
tistical base than notch sensitivity.
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TABLE 13.8 Heywood's Parameters, Eq. (13.16), Stress Concentration

Va cKf

JJsing JJsing _Using JLJsing Using Using
Feature 5u/,kpsi 5e',kpsi 5M,,MPa S'e,MPa ~Sut S'e

Transverse hole 5/Sut 2.5/5; 174/5«, 87/5; 0.10 0.11
Shoulder 4/Sut 2IS'e 139/5M, 69.5/5; 0.11 0.08
Groove 3/5Mr 1.5/5; 104/5«, 52/5; 0.15 0.13

The finite life stress-concentration factor for steel for N cycles is obtained from
the notch sensitivities (#)103 and (q)<uf. For 103 cycles,

(A»103-l
W)IO3 = —~—i—A^-I

= -0.18 + (0.43 x 10-2)5M, - (0.45 x 10~5)S (13.17)

where ~Sut < 330 kpsi. For 106 cycles,

(9W = ̂ 5T1 <13'18)&t- 1

and for N cycles,

[(Kf\^
(ll3lOBN~1}

(A>)^(A>)103 )-̂  (13.19)
[(A/jiosJ

There is some evidence that Kf does not exceed 4 for Q&T steels and 3 for annealed
steels [13.11]. Figure 13.11 shows scatter bands, and Fig. 13.12 relates notch radius to
notch sensitivity.

13.3.6 Miscellaneous-Effects Modification Factor ke

There are other effects in addition to surface texture, size loading, and temperature
that influence fatigue strength. These other effects are grouped together because
their influences are not always present, and are not weUunderstood quantitatively in
any comprehensive way. They are largely detrimental (ke < 1), and consequently can-
not be ignored. For each effect present, the designer must make an estimate of the
magnitude and probable uncertainty of ke. Such effects include

• Introduction of complete stress fields due to press or shrink fits, hydraulic pres-
sure, and the like

• Unintentional residual stresses that result from grinding or heat treatment and
intentional residual stresses that result from shot peening or rolling of fillets

• Unintended coatings, usually corrosion products, and intentional coatings, such as
plating, paint, and chemical sheaths

• Case hardening for wear resistance by processes such as carborization, nitriding,
tuftriding, and flame and induction hardening

• Decarborizing of surface material during processing



NOTCH RADIUS r, IN
(b)

FIGURE 13.11 Scatterbands of notch sensitivity q as a function of notch radius and heat treat-
ment for undifferentiated steels, (a) Quenched and tempered; (b) normalized or annealed.
(Adapted from Sines and Waisman [13.16], with permission of McGraw-Hill,, Inc.)
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NOTCH RADIUS r, IN

FIGURE 13.12 Notch-sensitivity chart for steels and UNS A92024T wrought aluminum alloys sub-
jected to reversed bending or reversed axial loads. For larger notch radii, use values of q correspond-
ing to r - 0.16 in (4 mm). (From Sines and Waisman [13.16], with permission of McGraw-Hill, Inc.)

When these effects are present, tests are needed in order to assess the extent of such
influences and to form a rational basis for assignment of a fatigue modification
factor ke.

13.3.7 Correlation Method

The scalar fatigue ratio ty is defined as the mean endurance limit divided^by the mean
ultimate tensile strength. The stochastic fatigue ratio <|> is defined as $'eISut. Engineers
can estimate endurance limit by multiplying a random variable c|> by the mean ulti-
mate tensile strength. Since designers have an interest in bending, axial (push-pull),
and torsional fatigue, the appropriate endurance limit is correlated to the mean ulti-
mate tensile strength as follows:

S; - <$>bSut (13.20)

S^=Cb1X (13.21)

Si=4>A, (13.22)

Rotating Bending. Data for this mode of loading exist for various specimen diam-
eters, and so the size effect is mixed in. With data in the form of Suh S'e, and specimen
diameter d from 133 full-scale R. R. Moore tests, plotting In 0 versus In d leads to the
regression equation

In 4>6 - -0.819 005 7 + In ^0-106951 + g(0,0.137 393 3)
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where £(0,0.137 393 3) is a normal variate. Deviations from the regression line are
normal on a log-log plot. Exponentiating,

<$>b = 0.445 031d-°106951 X(1,0.138 050)

where X(1,0.138 050) is lognormal. For the standard specimen size of 0.30 in,

4>a30 = 0.445 031(0.30)-°106951 X(1,0.138 050)

-0.506X(1,0.138) (13.23)

where cj>0.3o is lognormal.

Axial Loading. The complications of nonconcentric loading, particularly in
compression, have been mentioned. Data for steels show a knee_ above S^ =
106.7(1, 0.089) when 5* is greater than 220 kpsi. In the range 60 < S* < 213 kpsi
(Landgraf data),

S^ = 0.465(1,0.19)5«, (13.24)

The corresponding kc is

J^ = 0.465(1,0.19) = Q 9m( Q Q52)

<|>o.3o 0.506(1,0.138) v *

The random variable X(I, 0.052) is lognormal. A larger data base combining data
from Landgraf and Grover, et al., gives

4>« - 0.6235^- 0778X(1,0.264) (13.25)

where $ax is lognormal. Note the mild influence of tensile strength. Now kc is

_ $ax _ 0.6235^ 0778X(1,0.264)
c ~4>o.3o~ 0.506X(1,0.138)

- 1.235/0778X(1,0.126) (13.26)

where kc is lognormally distributed. This value of kc is reported in Table 13.5 because
of the larger data base.

Torsional Loading. From distortion energy theory, a Marin torsional loading
modification factor is to be expected. From steel data from Grover et al.,

<|>, = Ji = 0.294X(1,0.270)
^Ut

where fyt is lognormal. The loading factor is

_ J^ _0.294X(1,0.270)
kc~ <t>0.3o" 0.506X(1,0.138) -"-581Ml, U-I^)

where kc is lognormal. Reducing data to reveal any material strength influence gives

<|>, - 0.1665^125X(1,0.263) (13.27)



f Units: strengths, kpsi; diameter or radius, in; Va, in1'2.
* Deterministic values are simply the means, obtained by substituting unity for the lognormal vari-

ateA..

Cast iron in torsion, when behavior is described by the maximum principal stress
theory, has kc = 1, and when behavior is described by the maximum principal strain
theory, exhibits

kc = —!— = -—i—- = 0.826 (13.29)
1+v 1 + 0.211 v '

where X(1,0.263) is lognormal. It follows that

4>, 0.1665"-125X(1,0.263) ^175kc-^~ 0.506X(1,0.138) -0'3285"' Ml, 0.125) (13.28)

where kc is lognormal. This is also reported in Table 13.5. Tables 13.9 and 13.10 are
useful summaries of fatigue equation details.

TABLE 13.9 Summary of Fatigue Equation Se = kakbkckdke4>Q3oSut,
Customary Engineering Units1

Quantity

Ultimate strength
Fatigue ratio

Endurance limit
Bending
Axial
Torsion

Surface factor
Ground
Machined
Hot-rolled
As-forged

Size factor

Loading factor
Bending
Axial
Torsion

Temperature factor
Miscellaneous factor

Stress concentration

Transverse hole
Shoulder
Groove

Relation*

Sut = 0.5HB

4*0.30 = 0.506X(1, 0.138)

Se = 4>o3(&, = 0.5065M,X(1, 0.138)
(SX = 0.6235/0778X(I, 0.264)
S'se= 0.1665^125X(I, 0.263)

k. = 1.345/086X(1, 0.120)
ka = 2.675/265X(1, 0.058)
ka = 14.55/719X(1, 0.110)
ka = 39.85/995X(1, 0.146)

kb = (de/0.30)-°-107 = 0.879d/107

kc = X(l,0)
kc = 1.235/078X(1, 0.126)
kc = 0.32852,125X(1, 0.125)
(as appropriate)
(as appropriate)

v #,A(1,Q,)

*~l+2
r K-* V-a

Vr K1

0 = 5/5^=0.10
a = 4/Sut,CKf=Q.ll
0 = 3/5M,,C*=0.15

Equation or table no.

Eq. (13.23)

Eq. (13.8)
Eq. (13.25)
Eq. (13.27)

Table 13.2
Table 13.2
Table 13.2
Table 13.2

Eq. (13.12)

Table 13.5
Table 13.5
Table 13.5
Eq. (13.15)

Eq. (13.16)

Table 13.8
Table 13.8
Table 13.8



Quantity

Ultimate strength
Fatigue ratio

Endurance limit
Bending
Axial
Torsion

Surface factor
Ground
Machined
Hot-rolled
As-forged

Surface factor

Loading factor
Bending
Axial
Torsion

Temperature factor k^
Miscellaneous factor ke

Stress concentration

Transverse hole
Shoulder
Groove

Relation*

5«, - 3.45HB
<t>o.3o = 0.506X(1, 0.138)

S; - <)>o.3(Ar = 0.5065Jl(1, 0.138)
(SX - 0.7245/0778X(1, 0.264)
Si = 0.13OS125X(1, 0.263)

ka = 1.585/086X(1, 0.120)
ka = 4.455/265X(1, 0.058)
Is0 = 58.15/719X(1, 0.110)
ka = 2715/995X(1, 0.146)

kb = (de/1.62)-°-wl = 124d-()-wl

kc = X(l,0)
kc = 1.435/078X(1, 0.126)
kc = 0.2585S125X(1, 0.125)
(as appropriate)
(as appropriate)

/C1X(I, CKf)
l+v-,Y^v r Kt

Va = 174/5*, Q, = 0.10
Va = 139/5«,, CK, = 0.11
Va = 104/5Mf,CK/=0.15

Equation or table no.

Eq. (13.23)

Eq. (13.8)
Eq. (13.25)
Eq. (13.27)

Table 13.2
Table 13.2
Table 13.2
Table 13.2

Eq. (13.13)

Table 13.5
Table 13.5
Table 13.5

Eq. (13.16)

Table 13.8
Table 13.8
Table 13.8

TABLE 13.10 Summary of Fatigue Equation S6 = kAkckdke<|>o.3o5Mf, SI Units1

1 Units: strengths,MPa;diameter or radius,mm; va,mm1/2.
* Deterministic values are simply means, obtained by substituting unity for the lognormal variate X.

Many tests show the behavior of cast iron falling between these two theoretical
models. Also,

v = 0.225 - 0.003 04SM/
(13.30)

Sut = 5.76 + 0.179HB ± 5 kpsi (for gray cast iron)

Example 2. Cycles to failure of 70 000 in rotary bending at 55O0F is intended for a
round machined steel part, 1 in in diameter, in the presence of a notch (Kt = 2.1) with
a 0.1-in radius. The tensile strength is Sut = 100 kpsi. The nominal stress is <TO ~ ZJV(12,
1.2) kpsi. Estimate the reliability in attaining the cycles-to-failure goal.

Solution. Estimate fatigue strength S/.

From Eqs. (13.20) and (13.23),

S; = 4>o.3(&, = 0.506(1,0.138)100

5; = 0.506(1)100-50.6 kpsi

C5-0.138



From Eq. (13.12),

ka = 2.67(100)-°-265 - 0.788

Cka = 0.058

From Eq. (13.9), kb = 0.879(1)-°107 - 0.879

From Eq. (13.14),

kc = (1)100°(1,0)

kc = l Ckc = 0

From Eq. (13.15),

krf - [0.975 + (0.432 x 10-3)550 - (0.115 x 1Q-5)5502

+ (0.104 x 10-8)5503 - (0.595 x 1Q-12)5504](1,0.11)

£, = 0.983 Ckd = 0.11

ke = (l,0)

From Eq. (13.7),

S;= [0.788(1,0.058)][0.879(1,0)][0.983(1,0.1I)](1,0)[50.6(1,0.138)]

Sf= [0.788(0.879)][0.983(50.6)] = 34.45 kpsi

CSf= (0.0582 + O.ll2 + 0.1382)1/2 = 0.186

S/~LA^[34.45(1,0.186)]

Stress:

From Eq. (13.17),

(4V = -0.18 + (0.43 x 10'2)100 - (0.45 x 10-5)1002 = 0.21

(Kfa = 1 + (q)&(Kt -I) = I+ 0.21(2.1 - 1) = 1.231

From Fig. 13.12,

(0)io6 = 0.82

(Kf)1* = 1 + 0.82(2.1 - 1) = 1.902

F1 Q09 1^1/3 1()g 70 00° -1)
From Eq. (13.19), (Kf)70000 = 1.231 -^g- = 1.609

\_ I.ZJl J

From Table 13.8, CKf= 0.15. Thus Kf= 1.609(1,0.15).

(T = Kf(T0 C0 = 1.2/12 = 0.10

a = 1.609(1,0.15)12(1,0.10)

a =1.609(12) = 19.3 kpsi

C0 = (0.152 + 0.102)1/2 = 0.180



Reliability:

/34.45 /1 + 0.1802\
T^ / ^ r N V 19.3 V 1 + 0.1862J n o c

From Eq. (2.5), z = - Vln (1 + Q1862)(1 + 0.180
2) = ~2'25

From Eq. (2.4), .R = I- O(-2.25) - 1 - 0.0122 - 0.988

A deterministic analysis would produce all the mean values above and a factor of
safety r\ of

Sf 34 45^i=IiJ=1-78

with no feel for the chance of survival to 70 000 cycles.

13.4 FLUCTUATINGSTRESS

Variable loading is often characterized by an amplitude component Ga as ordinate
and a steady component om as abscissa. Defined in terms of maximum stress amax and
minimum stress omin the coordinates are as follows:

Ga = y IO~max ~ O~miJ ^m = ~^(^max + O~min) (13.31)

The designer's fatigue diagram is depicted in Fig. 13.13.

FIGURE 13.13 Designer's fatigue diagram using a Goodman failure locus for push-pull
(axial) fatigue.

If one plots combinations oa and am that partition part survival from part failure,
a failure locus is defined. Properties such as ultimate tensile strength Sut, _yield
strength in tension Sy, yield strength in compression Syc, endurance strength Se, or
fatigue strength Sf appear as axis intercepts. In the range in which Gm is negative and
fatigue fracture is a threat, the failure locus is taken as a horizontal line unless spe-
cific experimental data allow another locus. In the range in which Gm is positive, the



preferred locus is Gerber or ASME-Elliptic. The Goodman and Soderberg loci have
historical importance and algebraic simplicity, but these loci do not fall centrally
among the data, and they are not dependably conservative.

In general, the factor of safety n is the quotient S/a, Fig. 13.14. The coefficient of
variation of n, Cn, is well estimated by

Cn = (Cl + a)1'2 (13.32)

where Cs is the coefficient of variation of the significant strength and C0 is the coef-
ficient of variation of the load-induced stress. For a radial load line from the origin
on the designer's fatigue diagram, either Sa/aa or SJGm will give n. For a load line not
containing the origin (as in bolted joints and extension springs), only SJo0 gives n.

The nature of C5 depends on material properties and on the fatigue locus used.
For the Gerber locus,

T + (T-]2 = 1 <13'33)^e \ Jut I

For a radial load line,

_ _ r2-c2 T / /9~c \2l

^=ifr'[-1+V1+(f)j (1334)

r_1 + [1 +4gL(i + ̂ )2T/S
(I + Q)2 I I2Sl(I +CsJ \

c'-c*-ITcJ-| -! + [i^f J 1 (1335)

and OSa = CSaSa. Although Eq. (13.35) is algebraically complicated, it is only a weight-
ing of CSe, C5tt,, and load line slope r. For the ASME-elliptic fatigue locus,

(tNt1)2=1 <i3-36>\ ^e ] \3y /

FIGURE 13.14 The probability density function of a lognormally dis-
tributed design factor n, and its companion normal y = In n.



For a radial load line,

S = Sa= /ye_ (13.37)
VrfS* + s?

Q = Q. = (1 + C^)(I + Q.) 7^(1 + g*g(1 + QJ2 - 1 (13.38)

and tf5fl = C5flSa. Brittle materials subject to fluctuating stresses which follow the
Smith-Dolan fatigue locus in the first quadrant of the designer's fatigue diagram
have

Gg 1 ~ Gm/SM /-. ̂  >JQ\

Se I + CjS11,
 (L^>

For a radial load line,

"c _ ~c - rS>«+ s« Li . /1 + 4 ,̂51J , ,
A-A.- 2 L 1 + V(r5w + 5e)

2J ^'4U)

r _r rSu,(l + CsJ + Se(l + CSe)Cs-Cs1- ^

i-f^&S}-^ ^

and a5fl = C5fl5a.

Example 3. Estimate the reliability at the criti-
cal location on a shaft at the fillet of Fig. 13.15.
Imposed is a steady lognormal torque Tm of
2000(1, 0.07) in • lbf and a lognormal bending
moment Ma of 1800(1, 0.07) in • lbf. The shaft is
machined from 1035 HR with an ultimate tensile
strength of SM, ~ ZJV(86.2, 3.92) kpsi and a yield
strength of Sy ~ ZJV(49.6, 3.81) kpsi. Use an
ASME-elliptic fatigue failure locus for this ade-
quacy assessment.

Solution. Load-induced stress. The stress
concentration factor is found from noting that
rid = 0.125/1.125 - 0.11 and Did = 1.75/1.125 =
1.56, and from Fig. 12.11, K1 = 1.65.
From Eq. (13.16),

K/= 965(^i1}i A -1-495(1,0.11)i i 2 1.65 -1 4
VO125 1.65 86.2

32K7M, 32(1.495)(1,0.11)1800(1,0.07)
CTa~ nd3 " Til.1253

_ 32(1.495)1800 1 Q O < 1 , .
G«= Kl.1253 =19'251kPsl



CSa = (0.112 + 0.072)1/2 = 0.130

^a0 = CaA - 0.130(19.251) = 2.503 kpsi

The load-induced stress is <ra ~ L7V(19.25,2.50) kpsi.
Strength: Note that CSy = 3.81/49.6 = 0.0768.

From Eq. (13.9), kfl - 2.67(1,0.058)86.2~0265 - 0.820(1,0.058)

From Eq. (13.12), kb = (1.125/0.30)-°107 - 0.868

From Eq. (13.13),

kc = (l,0)

k, = ke = (l,0)

From Eq. (13.7),

S, = [0.820(1,0.058)](0.868)[0.506(1,0.138)]86.2

Se = [0.820(0.868)] [0.506(86.2)] = 31.0 kpsi

CSe = (0.0582 + 0.1382)172 - 0.150

3Se = 0.150(31.0) = 4.65 kpsi

The endurance strength Se ~ ZJV(Sl.0,4.64) kpsi. The slope of the load line r is

_ 2J^-2(1.49S)(ISOO)
r~V3Tm~ V3(2000) -L5M

The ASME-elliptic locus is given by Eq. (13.36), from which, from Eq. (13.37),

o 1.554(49.6)31.0 00 _,. .
S°= VLSS4W+ 31.(F = 28'76kpS1

From Eq. (13.38),

CSa = (1 + 0.0768)(1 + 0.050)

/ 1.554249.62 + 31.Q2 _
V 1.554249.62(1 + 0.0768)2 + 31.02(1 + 0.15O)2

= 0.1389

a5fl - 0.1389(28.76) = 4.00 kpsi

The strength amplitude is Sfl ~ L7V(28.76,4.00) kpsi.
Reliability estimate: For the interference of Sa with afl, from Eq. (2.5),

/28.76 / 1 + 0.13Q2 \
z__ n (19.25 V 1 + 0.13892J __ 2 n

Vln (1 + 0.13892)(1 + 0.1302)

From Eq. (2.4), ,R = I- $(-2.11) - 1 - 0.0174 = 0.9826



Example 4. Invert Example 3 into a design task to make the decision for the diam-
eter d if the reliability goal is 0.9826.

Solution. From calculations already made in Example 3, the coefficient of vari-
ation Cn of the design factor n is given by [from Eq. (13.32)]

Cn = (0.13892 + 0.1302)172 = 0.1902

From Eq. (2.7),

n = exp[-(-2.11) VIn(I + 0.19022) + In Vl + 0.19022]

= 1.46

The mean load-induced stress is given by

32KfMa

°' = ~^~

Solving for the diameter d, substituting SJn for oa, gives

(32K,Mm\™ [32(1.49S)(ISOO) f
I nSJn j L 7128760/1.46 J

Clearly the design decision for the diameter d cannot proceed as directly as shown
using parts of Example 3. The solution would have to be an iterative process.

1. Choose a material and condition, say 1035HR.
2. Choose a trial diameter d.
3. Develop afl ~ LN(G0, Cf0J.
4. Develop S6 ~ LN(Se, u5e).
5. Develop Sa ~ LN(S0, a5a).
6. Find Cn and n.
7. Find d'.
8. Compare d' with d, and with a root-finding algorithm reduce d' - d to zero (or

closely).

Alternatively, one can perform steps 1 to 5 above, then

6'. Find z and reliability Rd.
7'. Compare Rd with Rgoa\, and reduce Rd - jRgoai to zero, omitting any consideration

of the design factor. After the decision for d is made, as part of the adequacy
assessment, estimate the factor of safety.

When endurance strengths of steels are plotted against cycles to failure, a loga-
rithmic transformation of each coordinate results in ajinear data string in the inter-
val 103 <N < 106 cycles (see Fig. 13.9). At 106 cycles, Sf= Se = ̂ -30S1*. At 103 cycles,
(Sy)1(P = /S11,, where /is a fraction. Arguments in [13.6], p. 279, give

o /rr'N 1/2.1 r I (TnF"1 V/2-1

f be /CM be I 0Qt/ \ n^A^\
/=T~l~F = T ~ l ~ c ( 1 3 . 4 2 )

O1,, \ i3g/ 3Mr \ ^g I

The fraction of ultimate tensile strength realized at 103 cycles is a function of the
fatigue ratio $0.30 and the ultimate tensile strength. The fraction / is in the range



0.8 </< 1 for steels. One can estimate / from Eq. (13.42). The constants a and b of
5/ = aNb can then be found from

a = & (13.43)
Se

Z> = -flog i^ (13.44)

For axial fatigue, the (Sax)W3 ordinate in Fig. 13.9 is kc fSut and the (S0x) ̂  ordinate
is kctyowSut, where kc is taken from the Table 13.5 equation or determined by inter-
polation in Table 13.6. For torsional fatigue, the (&/)io3 ordinate is kcfSut and the
№/)io6 ordinate is kc§030Suh where kc is taken from Table 13.7 or, for materials fol-
lowing the distortion-energy theory of failure closely, kc = 0.577.

13.5 COMPLICATEDSTRESS-VARIATION
PATTERNS

Many loading patterns depart from the sinusoidal character of smoothly rotating
machinery and the convenient equation pair displayed as Eq. (13.31). In compli-
cated patterns, characterization in the form of maximum force Fmax (or maximum
stress amax) and minimum force Fmin (or minimum stress amin) is more useful. In fact,
max-min (max/min/same max or min/max/same min) will avoid losing a damaging
cycle.

Consider a full cycle with stresses varying 60, 80, 40, 60 kpsi and another cycle
with stresses -40, -60, -20, -40 kpsi, as depicted in Fig. 13.160. These two cycles can-
not be imposed on a part by themselves, but in order for this to be a repetitive block,
it is necessary to acknowledge the loading shown by the dashed lines. This adds a
hidden cycle that is often ignored. To ensure not losing the hidden cycle, begin the
analysis block with the largest (or smallest) stress, adding any preceding history to
the right end of the analysis block as shown in Fig. 13.16&. One now searches for
cycles using max-min characterizations. Taking the "hidden" cycle first so that it is
not lost, one moves along the trace as shown by the dashed line in Fig. 13.16Z?, iden-

FIGURE 13.16



tifying a cycle with a maximum of 80 kpsi and a minimum of -60 kpsi. Looking at the
remaining cycles, one notes a cycle with a maximum of 60 and a minimum of 40 kpsi.
There is another with a maximum of -20 and a minimum of -40 kpsi. Since failure
theories are expressed in terms of afl and am components, one uses Eqs. (13.31) and
constructs the table below.

Cycle qmax Gmin oa am

1 80 -60 70 10
2 60 40 10 50
3 -20 -40 10 -30

Note that the most damaging cycle, cycle 1, has been identified because care was
taken not to lose it. The method used is a variation of the rainflow counting tech-
nique. One is now ready to apply Miner's rule. Note that if the original cycles were
doubled in the block, there would be five cycles, with the additional two duplicating
cycles 2 and 3 above.

Example 5. The loading of Fig. 13.16« is imposed on a part made of 1045 HR steel.
Properties at the critical location are Sut = 92.5 kpsi, S'e = 46 kpsi, strain-strengthening
coefficient G0 = 140 kpsi, true strain at fracture £/ = 0.58, and strain-strengthening
exponent m = 0.14. Estimate how many repetitions of the loading block may be
applied if a Gerber fatigue locus is used.

Solution. From Eq. (13.42),

f _ S e ( ^ f \ 1 / 2 - 1 _ S e /aoffy2-1
J sut\se) sut\ se )

-^n1T-*"*

TT f - v i A K Q.815292.52
 1 / V 2 C 1 .

From Eq. (13.43), a = — = 123.5 kpsi
46

From Eq. (13.44),

, I 1 0.815(92.5) nrY71.
b = - — log -*- L = -0.0715

3 46

(S/V =fSut = 0.815(92.5) = 75.39 kpsi

For cycle 1, which has ofl = 70 kpsi and om = 10 kpsi, using Eq. (13.33),

^=TT(5^=i-(i7oW=70-83kpsi

Since required endurance strength 70.83 kpsi is less than (S1/) ,̂ the number of cycles
exceeds 103.

( CA lib / 7n oo \-1/0.0715
f) -(U) =2383^s

For cycle 2, Sf = 14.1 kpsi and N2 = 1.5(1013) = °o. For cycle 3, Sf=Ga = 10 kpsi and
N3 = 1.8(1015) = oo. Extend the previous table:



Cycle Sf N

1 70.8 2383
2 14.1
3 10.0

The damage per block application according to Miner's rule is

D = I, (1/N1) = 1/2383 + l/oo + l/oo = 1/2383

The number of repetitions of the block is 1/D = !/(1/2383) = 2383. For the original
two cycles, the damage per block application is l/oo + l/oo = O and the number of rep-
etitions is infinite. Note the risk of an analysis conclusion associated with not draw-
ing how the cycles connect.

13.6 STRENGTHATCRITICALLOCATIONS

The critical locations of strength-limited designs can be identified as regions in
which load-induced stresses peak as a result of distribution of bending moment
and/or changes in geometry. Since the strength at the critical location in the geome-
try and at condition of use is required, it is often necessary to reflect the manufac-
turing process in this estimation. For heat-treatable steels under static loading, an
estimate of yield or proof strength is required, and under fatigue loading, an esti-
mate of the ultimate strength of the endurance limit is needed for an adequacy
assessment. For the design process, strength as a function of intensity of treatment is
required. In Chap. 8, the quantitative estimation methods of Crafts and Lamont and
of Grossmann and Field for heat-treatable steels are useful. For cold work and cold
heading, the methods of Datsko and Borden give useful estimates.

Consider an eyebolt of cold-formed 1045 steel hot-rolled quarter-inch-diameter
rod in the geometry of Fig. 13.17. The properties of the hot-rolled bar are

Sy = 60 kpsi m = 0.14 O0 = 140 kpsi

SM = 92.5 kpsi ey=0.58

FIGURE 13.17 Geometry of a cold-formed eyebolt.



At section AA on the inside surface, the true strain is estimated as

*-4-K)I-H1^I
-1-0.2031 - 0.203

The yield strength of the surface material at this location is estimated as, from
Table 8.1

e -°^-oioi5 01015
^u0 - l + l ~ U-IUU ^y0 - 1 + 2(Q 1Q15) - U.US44

(Sy)1U = V0 (W = 140(0.0844)°14 = 99 kpsi

The ultimate strength at this location is estimated as, from Table 8.1,

(Su)tu = (Su)0 exp (E9110) - 92.5 exp (0.1015) - 102.4 kpsi

Both the yield strength and the ultimate strength have increased. They are nomi-
nally equal because the true strain of 0.203 exceeds the true strain of 0.14 which
occurs at ultimate load. The yield strength has increased by 65 percent and the ulti-
mate strength has increased by 11 percent at this location. The strength at the inside
and outside surface at section BB has not changed appreciably. The changes at the
sections above BB are improvements in accord with the local geometry. For dynamic
strength, the endurance limits have changed in proportion to the changes in ultimate
strength. At section AA the R. R. Moore endurance limit is estimated to be

c, Su 102.4 ., 0 , .
£ = Y = —2~~ = 51.2 kpsi

an improvement of 11 percent. Since the strengths vary with position and stresses
vary with position also, a check is in order to see if section AA or section BB is crit-
ical in a tensile loading of the eyebolt.

The increase in yield strength and endurance limit due to cold work, while
present, may not be helpful. Consider the strip spring formed from bar stock to the
geometry of Fig. 13.18. Just to the right of the radius the original properties prevail,
and the bending moment is only slightly less than to the left of section AA. In this
case, the increased strength at the critical location is not really exploitable.

FIGURE 13.18 A latching spring cold formed from 3/-in-wide No. 12
gauge strip.
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FIGURE 13.19 Logic flowchart for estimation of localized ultimate strength or endurance limit for heat-
treated steels.

For parts that are heat-treated by quenching and tempering, the methods and
procedures are given in Fig. 13.19 (see Chap. 8). If a shaft has been designed, an
adequacy assessment is required. An estimate of the strength at a location where
the shaft steps in Fig. 13.20 from 1 to 1.125 in is necessary. The specifications include
the material to be 4140 steel quenched in still oil with mild part agitation and tem-
pered for 2 hours at 100O0F. The material earmarked for manufacture has a ladle
analysis of

C Mn P S Si Ni Cr Mo

Percent 0.40 0.83 0.012 0.009 0.26 0.11 0.94 0.21
Multiplier 0.207 3.87 — — 1.18 1.04 3.04 1.65

The experience is that a grain size of I1A can be maintained with this material and
heat treatment. The multipliers are determined by the methods of Chap. 8. The ideal
critical diameter is estimated as

D1 = 0.207(3.87)(1.18)(1.04)(3.04)(1.65) = 4.93 in

The factors are D = 5.3, B = 10, and /= 0.34. The addition factors are

AMn = 2.1

ASI = 1.1

ANi = 0.03

ACr = 4.9

AMO = 3.78

IA = 11.91



FIGURE 13.20 A portion of a 4140 steel shaft quenched in still
oil (H = 0.35) and tempered for 2 hours at 100O0F, grain size 7.5.

The tempered hardness equation becomes

RT = (RQ - 5.3 - 10)0.34 + 10 + 11.91 - 0.34RQ + 16.71

The Jominy curve is predicted by noting that the Rockwell C-scale hardness at
Jominy station 1 is

(Ro)1 = 32 + 60(%C) = 32 + 60(0.40) - 56.0

and a table is prepared as depicted in Table 13.11 for 100O0F tempering temperature.
The variation of surface strength with size of round is prepared using equivalent
Jominy distances as depicted in Table 13.12. Table 13.13 shows an ultimate-strength
traverse of a 1^-in round. There is only a mild strength profile in the traverse. The sig-
nificant strength for bending and torsion is at the surface. For the IVs-in round, the sur-
face ultimate strength is estimated by interpolation to be 164.3 kpsi.The R. R. Moore
endurance limit at this location is estimated to be 164.3/2, or 82 kpsi. Steels in large
sections or with less alloying ingredients (smaller ideal critical diameters) exhibit
larger transverse strength changes. For sections in tension, significant strength is at
the center. When testing, machined specimens from the center of a round say little
about the strength at the surface. Heat treating a specimen proves little about
strengths in the actual part. Some variations in strength attributed to size result from
differences in cooling rates.

When the number of cycles is less than 107, the endurance strength must be esti-
mated. Reference [13.8] gives a useful curve fit for steels:

\SunTm exp (m)z?Nf
cm exp (-£/W/) EfNf < m

S'f = \ (13.45)
f [Su zfN

c
f>m V '

TABLE 13.11 Surface Ultimate Strength as a Function of Jominy Distance for 4140 Steel
Oil Quenched (//=0.35) and Tempered 2 Hours at 100O0F, Grain Size TA

Predicted Tempered
Jominy Jominy RQl hardness /?r, Surface ultimate

distance, TS in IH/DH Rockwell C Rockwell C strength Su, kpsi

1 1 56.0 44.1 206.6
4 1 56.0 44.1 206.6
8 1.09 51.4 42.0 196.0

12 1.18 47.5 40.3 187.5



TABLE 13.12 Variation of Surface Strength with
Diameter of 4140 Steel Round Quenched in Still Oil
(H = 0.35) and Tempered for 2 Hours at 100O0F,
Grain Size 71X2

Equivalent Jominy Surface ultimate
Diameter, in distance, ̂  in strength, kpsi

0.1 1.0 167
0.5 2.7 167
1 5.1 165
2 8.2 159.1
3 10.0 156.1
4 11.4 153.2

where m = strain-strengthening exponent
e/= true strain at fracture
c = an exponent commonly in the neighborhood of -1A

Nf= the number of cycles to failure
S11 = ultimate tensile strength

Example 6. Estimate the finite-life engineering fatigue strength of an annealed
4340 steel with the following properties:

S11 = 103 kpsi Sy = 65.6 kpsi at 0.2 percent offset

RA = 0.56

Solution. The endurance limit is estimated as SJ2 = 103/2 = 51.5 kpsi at 107

cycles. Because no strain-hardening information is supplied, it is necessary to esti-
mate m from

Su \ rn >
Sy [ (offset) exp 1J

103 _ [ m 1m

°r 65.6 L 0.002(2.718) J

from which m = 0.14. The true strain at fracture can be assessed from the reduction
in area:

^=111Uk = 111T^k = 0'821

TABLE 13.13 Variation of Local Strength in a 1.125-in
Round of 4140 Steel Quenched in Still Oil (H = 0.35) and
Tempered for 2 Hours at 100O0F, Grain Size TA

Radial Equivalent Jominy Local ultimate
position distance, -fa in strength, kpsi

(0)r 7.33 161.0
0.5r 6.35 162.8
0.8r 5.95 163.5

r 5.55 164.2



The true stress coefficient of the strain-strengthening equation a = a0e
m is

G0 = Sunrm exp m = 103(0.14)-°-14 exp 0.14

= 156.0 kpsi

The constructive strain E1 is a root of the equation

^-Ef exp (-E1)-1 = 0
^e

or alternatively,

g
-~ nrm exp (w)£f exp (-EI) -1 = 0
be

When E1 is small, the term exp -E1 approaches 1, and E1 can be found explicitly from

(S'e\
lm m (S'e\

lm

E1- (-=-} or E1 = -— —
\G0 / 2.718 \ O M /

From the first,

/515\ 1/0.14

^(-156J =°-000365

This value of the constructive strain allows estimation of the exponent c from
B1 = SfNf:

r logei/e/ log (0.000 365/0.821)
C = — = — — 77^ = -U.4 /50

log Ne log 107

Now Eq. (13.45) can be written as

S'f = 103(0.14)-°-14 exp (0.14)0.821ai4A^-4778(°-14> exp (0.8217V/0-4788)

which simplifies to

S'f = 151.8Nf M1 exp (0.8217V/0-4788)

Table 13.14 can be constructed. See Ref. [13.8] for notch-sensitivity corrections for
low cycle strengths.

73.7 COMBINEDLOADING

Simple loading is regarded as an influence that results in tension, compression, shear,
bending, or torsion, and the stress fields that result are regarded as simple. Combined
loading is the application of two or more of these simple loading schemes. The
stresses that result from both simple and combined loading are three-dimensional.
Applying the adjective combined to stresses is inappropriate. The nature of both
yielding and fatigue for ductile materials is best explained by distortion-energy (octa-
hedral shear, Henckey-von Mises) theory. For variable loading, the stress state is plot-
ted on a modified Goodman diagram that has tensile mean stresses as abscissa and



TABLE 13.14 Fatigue Strength Ratio S}/SU as a Function of Cycles to Failure for Annealed
4340 Stee^

Number of
cycles-to-failure Constructive true Endurance Ratio

Nf strain e, strength S>, kpsi StfS*

10° 0.821 103$ 1$
101 0.273 103$ 1$
102 0.091 101.8 0.99
103 0.030 92.7 0.90
104 0.010 81.0 0.79
105 0.0033 69.9 0.68
106 0.0011 60.1 0.58
107 0.00037 51.5 0.50

fSw - 103 kpsi, Sy - 65.6 kpsi (0.002 offset), reduction in area 56 percent.
jSince e, > m, Sf = Su and StfSu = 1.

tensile stress amplitude as ordinate. The stress amplitude is that present in a uniform
tension that induces the same distortion-energy amplitude (octahedral shear ampli-
tude) as is present in the critical location of the machine part. The steady stress is that
stress present in a uniform tension that induces the same steady distortion energy
(steady octahedral shear) as is present in the critical location of the machine part. The
plotting process involves conversion of the actual stress state to the equivalent uni-
form tension circumstances.

The von Mises axial tensile stress that has the same distortion energy as a general
three-dimensional stress field is, in terms of the ordered principal stresses Oi, O2, and O3,

^(a1-<fc)M<fc-<*)' + te-o1yjfl
 (13.46)

If one of the principal stresses is zero and the other two are GA and O5, then

ov - (oi + o2
B- oAcB)l/2 (13.47)

If the axes xy are not principal, then

av - (a,2 + o2 - 0,0, + 3T2.,)1/2 (13.48)

If the concern is yielding, then yielding begins when the von Mises stress equals the
tensile value of Sy. If the concern is fatigue, then failure occurs when the von Mises
steady stress and amplitude equal the simple steady tension and amplitude that
result in failure. If the Eq. (13.47) is equated to a critical value ocr, then

oi + oi - oA<5B - o2

Treating the preceding equation as a quadratic in OA, we have

GA = \°B±\ V(2ocr)
2-3ol (13.49)

On a plot in the GAGB plane, the critical-stress magnitude can be observed at six
places, three tensile and three compressive.The locus is an ellipse with the major axis



FIGURE 13.21 The distortion-energy critical-stress ellipse. For any point GA, G8 on the ellipse,
the uniaxial tension with the same distortion energy is the positive abscissa intercept acr, O.

having a unity slope, as depicted in Fig. 13.21. The octahedral stress (von Mises
stress) tensile equivalent is the o^-axis intercept of the ellipse. For the Goodman
diagram, the transformation is to move the point representing the stress condition
GA, CB to the abscissa, while staying on the ellipse. This is done by Eq. (13.47). For
three-dimensional stress, the surface is an ellipsoid in the GiCF2G3 space, and the trans-
formation is accomplished by Eq. (13.46). Figure 13.22 shows the conversions of the
steady-stress condition and the stress-amplitude condition to the respective simple-
tension equivalents for the purposes of plotting a point representing the equiva-
lent stress state on the modified Goodman diagram. In Fig. 13.23 an element on a
shaft sees a steady torque and fully reversed bending stresses. For the steady-stress
element,

16T 16T _ 16T
^m- nd, <*^- ndl

 0^-~^3

and the corresponding von Mises stress is

^ _ (~2 , ~2 rr rr V/2 _ V 3 16T
Gvm - (GAm+ GBm ~ GAm® Bm) ~

nd3



FIGURE 13.23 (a) A shaft subjected to a steady torque T and completely
reversed flexure due to bending moment M; (b) the mean-stress element and the
stress-amplitude element.

FIGURE 13.22 The principal stresses due to the steady stresses GAm

and <3Bm appear on the distortion-energy ellipse as point Z). The trans-
form to equivalent distortion energy in tension is point E, which
becomes the abscissa of point P. The principal stresses due to stress
amplitude aAa and GBa appear as point Z)'; the transform is E', which
becomes the ordinate of point P.



FIGURE 13.24 Designer's fatigue diagram for geared shaft showing load line of slope r =
2M/(V3T), the operating point P, using the Goodman failure locus, and the designer's line
reflecting a design factor of n.

For the amplitude-stress element,

32M _32M
a*'maX~ TlJ3 a*'min~ Kd3

32M A
0^ = "^" G5a

and the corresponding von Mises stress is

_ / 2 2 M/2 _ 32Af
GWZ - (°^4a + GBU ~ GAaGBa) — "TJ~

If this is an element of a geared shaft, then M and T are proportional and the
locus of possible points is a radial line from the origin with a slope of

cva 32M nd3 2M / ia*n\^^r^vn^v!? (13-50)

This is called the load line. If data on failures have been collected and converted to
von Mises components and a Goodman line is an adequate representation of the
failure locus, then for the designer's line in Fig. 13.24,

Gyg Gvm 1 /11 Cl \T~+~T~~Tr (13.51)
be bu H

where n = design factor. Substituting for o~va and avw and solving for d, we obtain

d = [32» (^+VU)T'3 (13.52)
L I Ue 2SU J] V '



Data points representing failure are plotted embracing a significant stress commit-
ment, and the plotted load line represents the same belief. It is appropriate that
equations such as Eq. (13.52) be labeled with two adjectives: (1) significant stress and
(2) failure locus. For example, Eq. (13.52) could be called a distortion-energy Good-
man equation.

For the case where moments, torques, and thrusts contribute both steady and
alternating components of stress, then the distortion-energy Goodman equation for
the critical location is

« PL + Pfi + ̂ + «L \(2Mm + ̂ )2
 + 37-iT2 -1 = 0 (13.53)

nd5Se LV 4 / J nd5Su Lv 4 / J ^

where n = design factor
Ma = component of bending moment causing flexural stress amplitude
Mm = component of bending moment causing flexural stress, steady

Ta = component of torque causing shear-stress amplitude
Tm = component of torque causing shear stress, steady
Pa - component of axial thrust causing tensile-stress amplitude
Pm = component of axial thrust causing tensile stress, steady
Se = local fatigue strength of shaft material
Su = ultimate local tensile strength
d = local shaft diameter

Since the equation cannot be solved for d explicitly, numerical methods (see
Chap. 4) are used.

13.8 SURFACEFATIGUE

When cylinders are in line contact, sustained by a force F, a flattened rectangular
zone exists in which the pressure distribution is elliptical. The half width of the con-
tact zone b is

1 2 F [ I - V j ] I E 1 + (I-Vl]IE2
b = ̂ n( (UdJ + (IId2)

 (13'54)

The largest stress in magnitude is compressive and exists on the z axis. As a pressure,
its magnitude is

/W = ̂  (13.55)

Along the z axis, the orthogonal stresses are [13.6]

Ox = -2pmax T /1 + (Yf - !•! (13.56)
L \ \bj b]

°'=^-{[2-iTw]>RfJ-2f} (13'57)

°<=VTTW (13'58)



These equations can be useful with rolling contact, such as occurs in cams, roller
bearings, and gear teeth. The approach of the center of the rollers is

-K1If^)K-M)
The largest principal stress is compressive and located at the center of the rectangu-
lar flat and is -pmax in magnitude. The largest shear stress is approximately 0.30/?max
and is located at about 0.78Z? below the surface. The maximum compressive stress is
repeatedly applied in rolling cylinders. At a position of z = 0.4&, y = 0.915Z? the shear
stress has a magnitude of 0.242pmax but is completely reversed in rolling cylinders.

The loss of surface integrity due to repeated application of hertzian contact
stresses is called surface fatigue. The phenomenon is marked by the loss of material
from the surface, leaving pits or voids. The onset of fatigue is often defined as the
appearance of craters larger than a specified breadth. If Eq. (13.54) is substituted
into Eq. (13.55) and the magnitude of pmax associated with the first tangible evidence
of fatigue at a specified number of cycles is called the surface endurance strength Sfe,
then

7(7'7H(1F1 + 1F1)-* "3^€ \fll 02/ \ ^l ^2 /

The left-hand side of the equation consists of parameters under the designer's con-
trol. The right-hand side consists of materials properties. The factor K is called Buck-
ingham's load-stress factor and is associated with a number of cycles. In gear studies
a similar K factor is used and is related to K through

Kg = ̂ sin$ (13.61)

where § = gear-tooth pressure angle. Note that pmax is proportional to other stresses
present, and it is conventional to describe surface fatigue in terms of the strength
Sf6. Reference [13.1] gives Kg information for pressure angles of § = 141A degrees and
(|) = 20 degrees, as well as Sfe for various materials and numbers of cycles. The impli-
cation in the literature that above various cycles Kg does not change is unsupported.
Log-log plots of K or Kg versus cycles to failure produce "parallel" lines with some
consistency in slope for classes of material. AGMA standard 218.01 (Dec. 1982) sug-
gests allowable contact-stress numbers for steel as high as

(aV = 0.364//^ + 27 kpsi (13.62)

for 107 cycles, and for the curve fit for other than 107 cycles,

ON = CLo107 = 2.467V-0056(0.364//5 + 27) kpsi (13.63)

For applications where little or no pitting is permissible, the slope of -0.056 persists
to 1010 (end of presentation). Another curve fit to Sfe data for steel at 108 cycles is

(SyOi0B - QAH8 - 10 kpsi (13.64)

When a gear and pinion are in mesh, the number of cycles to which a point on the
tooth surface is exposed is different. Consequently, the material strengths can be
tuned to have both pinion and gear show tangible signs of wear simultaneously. For
steel gears, using Eq. (13.64), the appropriate gear hardness BHN for a stipulated
pinion hardness bhn is

BHN = m£/2(bhn - 25) + 25 (13.65)



where mc = gear ratio, i.e., teeth on the gear per tooth on the pinion. This matching
can be done by controlling surface hardness. Strength matching for bending resis-
tance is accomplished by control of core properties.

When needle bearings are specified, the needle assembly is a vendor's product,
but the roller track is supplied by the user and is a design concern. The equivalent
load Feq accumulating the same damage as a variable radial load F is

/ i f2* Y/a

M-d ™)
If the entire assembly is vendor-supplied as a needle-bearing cam follower, then the
average load is dictated by the cam-follower force F23. The following makes m turns
per cam revolution. The follower's first turn has an average load to the a power of

1 r2*lm

(F2i)ai = ̂ —\ Fa
23dQ

2n/m J0

where dQ = cam angular displacement. The subsequent averages are
-1 f4n/m

(F23)I = ̂ -J Ff3 dO
2n/m J2n/m

The global average to the a power is
^ m H ,.27T

global= — X (F23)? = y- F?3 d$
W j - ^ 1 2n J

0

Consequently, the roller average radial load is identical to the cam's, but the follower
makes m times as many turns.

The follower contact surface between the cam and follower has an endurance
strength cycles-to-failure relation of the form of S~l/bN = K, and so the average
hertzian stress can be written

/ 1 r2n \ _ feM£I °H
=&feC[F*K<+K'*md»Y (13-66)

where 0 = cam rotation angle, b = slope of the rectified SN locus, w = width of the
roller or cam (whichever is less), Cp = a joint materials constant

C'= / / l -v f 1 1-vn (1167)

V 71Nr+-Id
and the parameters Kc and Kr = the curvatures of the cam and roller surfaces, respec-
tively.

One surface location on the cam sees the most intense hertzian stress every rev-
olution. That spot has a hertzian stress of

<JH = -^= [F23(Kc + ̂ )]JSx (13.68)
Vw



Relative strengths can be assessed by noting that the cam requires a strength of
(Sfe)mN at the critical location in order to survive N cycles. The roller sees the average
stress everywhere on its periphery mN times, and its strength requirement is (Sfe)mN.
The strength ratio is

[(Sfe)N]c&m ^ [F2^(K0 + Kr)]U^x

IWM-"{£fft«**a~*r

A/GEv ^ max

~ (Vf )avg

If cam and roller are steel,

(Sfe)mN = mb(Sfi!)N

enabling us to place endurance strengths on the same life basis, namely, N, which is
convenient when consulting tables of Buckingham load-strength data giving K or its
equivalent. Thus,

[(5/eMcam _ mb VW^x

[(^!roller (Vf)avg

For steel, a 108 cycle expression, that is, (Sfe) = OAH8 -10 kpsi, can be used. Using bhn
for roller Brinell hardness and BHN for cam Brinell hardness, we can write

mb \/9fi
BHN =

 m Vf ™* (bhn _ 25) + 25 (13.69)

( V J^g

This form is convenient because the roller follower is often a vendor-supplied item
and the cam is manufactured elsewhere. Since V8Fmax is larger than (V9?)avg, this
alone tends to require that the cam be harder, but since the roller endures more
turns, the roller should be harder, since m > I and b < O. Matching (tuning) the
respective hardnesses so that the cam and roller will wear out together is often a
design goal.

Design factor can be introduced by reducing strength rather than increasing load
(not equivalent when stress is not directly proportional to load). Since the loads are
often more accurately known than strengths in these applications, design factors
are applied to strength. The relative hardnesses are unaffected by design factor, but
the necessary widths are

w=(T^! 9^* w=(^\ (^W"^ (13-7°)\ bfe/n /cam \ ^f6IH /rolier

Either equation may be used. The width decision controls the median cycles to
failure.
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